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In this note we present a simple test, involving a sequence of integers, which 
assures the conjugacy of a given partition P of a finite set S when our opera- 
tions lead only to nonnegative integers. If  negative integers appear in our 
operations, our test is inconclusive. The test, when conclusive, and an ele- 
mentary property of permutations determine a conjugate for P. 
The notion of conjugacy in question is that introduced by R. L. Graham 
in [l], namely, a pair of partitions n1 and 7~~ of a finite set S into disjoint 
nonempty subsets is called conjugate if for each w  E S, the ordered pairs 
(v,(w), Q(W)) determine w, where vi(w) denotes the cardinality of the 
subset of ?T~ to which w  belongs. Graham in [I] has shown that S has a 
conjugate pair if and only if its cardinality is not 2, 5, or 9. 
Other results [l] which it is convenient to recall here are as follows: 
A partition P of the set Z, = (1, 2,..., n> is called admissible if it has a 
conjugate partition of Z, . The specification of an admissible partition is 
the form l”12~8 ... ma,, where ni is the number of parts of P of cardinality i; 
this form is the partition of the number n in standard form: 
n = n1 + 2n, + .*. + mn, and 1 B ni < [m/i], the greatest integer 
function. 
Here a test is given, involving the sequence of positive integers ini in 
nonincreasing order, which assures conjugacy when the operations lead 
only to nonnegative integers. When negative integers appear, the test is 
inconclusive (25 is the smallest cardinality of S such that the test is 
inconclusive). Examples of both phenomena are given. The test, when 
conclusive, and an elementary property of permutations determine a 
conjugate for P. 
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THE TEST 
We arrange ti = jnj , j = 1, 2 ,,.., m, in nonincreasing order, say, 
til = m, tir ,..., ti . 
integers s, , sz ,...,m 
For convenience, we let sk = ti%, i.e., the positive 
s, are arranged in nonincreasing order. 
We construct the following chart: 
s1 = m & ‘.’ si-I Si .._ %-I SWZ 
s, = m s, - 1 s3 - 1 ... si-1 - 1 St - 1 .‘. s*-1 - 1 s, - 1 
s2 
si-1 Ul UO ui-l Ui urn-1 U, 
si 
The construction goes as follows: We shall call the top row, 
$1 9 s2 Y..*Y si-1 3 si Y...T sm-l T  s, the 0th row and the column sl, sa ,..., Xi-1 , 
si ,..., s,-, , s, the 0th column, and each si in the 0th column, for conve- 
nience, is called an indicator. Consider the first row: We have the indicator 
s, = m. We perform our operation which is to replace each of the m 
positive integers in the 0th row by si - 1. Since the positive integers in 
the 0th row are arranged in nonincreasing order, the nonnegative integers 
in the first row are also in nonincreasing order. 
Assume that the (i - 1)th row, 2 < i < (m - I), consists of 
Ul , f&J ,'.., US-l, ui ,'.', urn-1 , %rl > 
where ul, uz ,..., tina are nonnegative integers and are in nonincreasing 
order. The ith row depends on the numbers ul, u2 ,..., U, in the (i - l)th 
row and the indicator si , and it is obtained as follows: For convenience, 
we introduce the notation B(a, b; 2) for the sequence of integers 
u, 2 u,+1 B ... 2 Ub 7 and the notation B(a, b; =) for the similar 
sequence of integers with equal signs. 
Case 1. B(1, pi; 2) > B(si + 1, m; a), U, 3 0. 
Case 2. B(l, k; 2) > B(k + 1, q; =) > B(q + 1, m; a), u, > 0, 
l<k<si<q<m. 
Case 3. B(1, k; 2) > 0, 1 < k < si , and ui = 0 for i = k + l,..., m. 
In Case 1, the operation is to replace ui by ui - 1 for i = 1, 2,..., si , and 
leave the rest unchanged. Then the ith row also consists of nonnegative 
integers in nonincreasing order, and we proceed to row i + 1. 
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In Case 2, the operation is to replace ui by ui - 1 for i = 1, 2,..., k and 
i = (q + k + 1 - Q..., q, and leave the rest unchanged. Again, the ith 
row consists of nonnegative integers in nonincreasing order, and we 
proceed to row i + 1. 
In Case 3, the test is shown to be inconclusive. Since the indicator si 
is greater than k and ui = 0 for i = k + I,..., m, replacing ui by ui - 1 
for si numbers forces the appearance of a negative number. 
If the test is conclusive, the rnth row consists of all zeros, and P is 
admissible. 
PROOF OF THE TEST 
Let Ti be the union of the parts of P which have the same cardinality 
for i = 1, 2,..., m. We may assume that the cardinality, 1 Ti 1, of Ti is si , 
i.e., if it is necessary, we rearrange the subscripts of Ti so that I Ti 1 = si . 
In the chart, for the indicator s1 = m, the first row consists of s1 - 1, 
672 - l,..., si-1 - 1, .si - l)..., &-I - 1, s, - 1, which means that after 
we choose s1 (=m) pairs of (m, m), (m, m - 1) ,..., (m, I), we have used 
one element from each Ti for the second coordinates, and there are still 
si - 1 unused elements in Ti for i = 1, 2 ,..., m. 
In general, suppose the (i - I)th row in the chart consists of 
% , u2 ,.**, h-1 , 4 ,**., urn-1 , %I such that B(1, m; 2) 3 0. This means 
that in each Ti , there are still ui elements available for the second coordi- 
nates. Suppose the indicator si = rn, for some r, 1 < r < m. We choose 
si pairs of coordinates each of whose first coordinate is r, and whose 
second coordinates depend on whether the row u1 , u2 ,..., u, belongs to 
Case 1 or Case 2. In either event, the nonnegative integers on the ith row 
indicate the number of unused elements in each corresponding set Ta , 
and they are still arranged in nonincreasing order. 
If we complete the chart without having any negative integer, then 
(VI(i), vz(i)), for i = 1, 2 ,..., n, are all distinct. Since Ti is the union of the 
parts of P having the same cardinality i and we choose one element from 
each Ti for the second coordinates, any two pairs (s(i), u2(i)) and 
(u,(j), v,(j)), i # j, 1 < i, j < n, have either the first coordinates different 
or the second coordinates different. Hence, for every w  ES, the ordered 
pair (U,(W), uZ(w)) determines w, and P is admissible. 
EXAMPLES 
The following examples show that our test is not conclusive when a - 1 
appears in the chart. 
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EXAMPLE 1. Let Q be a partition of I,, with the form l1 23 3* Q 5l@. 
Thens,=6,~,=3~2=6,~,=2*3=6,~,=5,~,=4,ands,=l. 
The chart is 
666541 
It is known that Q is not admissible (see [I, p. 2231). 
EXAMPLE 2. Let R be a partition of I& with the parts R, = 
{I, 2, 3, 4, 5, 61, R, = (7, 8, 9}, R, = (10, 11, 121, R, = (13, 14, 15, 16, 171, 
R, = (18, 19,20,21), R, = {22,23}, R, = {24}, and R, = (25). Then, 
with the form l2 2l 32 4l5l6l, the chart is 
665422 
- 
65 543 11 
64 4 3 2 0 0 




However, R does have a conjugate partition R’ of 125 which consists of 
R,’ = (1, 7, 13, 18, 22, 24}, R,’ = (2, 8, 14, 19, 25}, R,’ = (3, 9, 15, 23}, 
R,’ = (5, 11,21}, R,’ = (4, lo>, R,’ = (16,20}, R,’ = {6}, R,’ = {12}, 
and R,’ = (17). One can easily verify that (v,(w), w2(w)) determines w  for 
every w  E I25 . Hence, R is admissible. 
CONJUGATE PARTITION 
We now show that our test when conclusive leads to a conjugate 
partition P’ for the given partition P of I, . We know each I Ti I = si = rn, 
for some r such that 1 < r < m, i.e., Ti is the union of all n7 parts in the 
given partition P of I, each of which contains r elements. In our test, 
when we deal with the indicator si , we substract one from si numbers of 
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the previous row. This means that we can define a map T which matches 
each element in Ti with some element in I, , and no two elements in Ti are 
matched with two elements belonging to the same Tj . Since we can 
complete the chart with all zeros on the last row, it means that T is a 
permutation on 1, . The partition P of I, can be considered as a 
permutation u on I, and conversely; each part of r elements in P can be 
considered as a cycle of length r in CT. It is well-known that two permu- 
tations are conjugate in a symmetric group if and only if they have the 
same number of cycles of each length. Hence T-%X gives a partition P’ 
of 1, with the same number of parts of r elements as in P for r = 1, 2,..., m. 
We claim that P’ is a conjugate partition of P. Let i and j be any 
two elements in 1, that belong to the same part PI, of P, i.e., i and j belong 
to the same Cycle in the permutation cr. Let iT = x and jr = y. Since 7 is 
a permutation on I,, x # y. Then x and y belong to different cycles in 
T%T, because 
X(7-b) = i(TT%T) = (iU)T, 
y(T%T) = .j(TT-‘UT) = (jU)T, 
and u keeps each cycle invariant and 7 takes the elements in the same part 
to elements in different Tk’s. Hence P’ is a conjugate partition of P. 
EXAMPLE 3. Let P be a partition of 1& which consists of PI = 
{1,2, 3,4), P, = (5, 61, P3 = (7, S}, Pa = (9, 10, 11}, P, = (12}, and 
Ps = (13). Then the chart is 
4 4 3 2 
- 




(r = (1, 2, 3, 4)(5, 6)(7, 8)(9, 10, 11)(12)(13) and the permutation 7 is found 
by reading the array 
1 2 3 4 
5 6 7 8 
9 10 11 
12 13 
by columns, i.e., 
( 
1 2 3 4 5 6 7 8 9 10 11 12 13 
T= 1 5 9 12 2 6 10 13 3 7 11 4 1 8’ 
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Then 7-b = (1, 5, 9, 12)(2, 6)(3, 7, 11)(4)(8)(10, 13), and P’ consists of 
P,’ = (1, 5, 9, 12}, P2’ = {2,6}, Ps’ = (10, 13), P4’ = {3,7, Ill, P5’ = {4}, 
and Ps’ = (8). 
One can easily verify that (I, I) determines i for every i E II3 . 
Hence, P’ is a conjugate partition of P. 
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